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 Eighteenth methodعشر     الثامنةالطريقة 

 تكامل الجذر ألتربيعي لدوال من الدرجة الثانية

Integral involving the square root of quadratic functions   

بتحويل الدالة التربيعية الموجودة تحت الجذر إلى مربع كامل  يكون تكامل المقدار  

 كما في المثال التالي

Example (76):  Evaluate     

     

               

     

Example (77):  Evaluate      

     

               

     

     

 

     

 

 Nineteenth methodعشر     الطريقة التاسعة

 تكامل الدوال النسبية المثلثية باستخدام دوال مثلثية أخرى 

اذا كانت الدالة المراد تكاملها نسببببمية مثلثية بيتببببعا تكاملهات فيمكا تحويلها الى دالة نسببببمية جمرية  

 يةالتكاملهات وذلك باستخدام الفرضيات التبدلالة متغير اخر بفيسهل 

let    
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 كما يمكننا إيجاد العلاقات الأخرى باستخدام المثلث التالي.

     

     

    

 

Example (78):  Evaluate     

       ,              
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Example (79):  Evaluate     

        ,    

     

Example (80):  Evaluate     

       ,       ,    

     

       

       

     

     

     

     

     

 

Example (81):  Evaluate     

        ,    
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................................................................... ... ...............................................................  

Exercise (8-1):                                    Exe. (37) page (311) – book al-samarrai 

No. Question Answer 
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Exercise (8-2):                                                  Exe. (6-12) page (414) blue book  

No. Question Answer 
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Exercise (8-3):                                               Exe. (8.5) - page 467 Calculus-12 

No. Question Answer 

Using Integral Tables: use the table of integrals at the back of the book to 

evaluate the integrals in Exercises 1-26. or evaluate by any suitable method  
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 27 xx

dx


 27 xx

dx



 معادلات التفاضلية الاعتيادية              د.عامرفاضل نصارال -المرحلة الثانية  -قسم الرياضيات  -كلية التربية للبنات  -كريت جامعة ت

 96 

 

13 
 c

x

x
xI 




2
2 42

ln24  

 

14 
 c

x
xI  

2
sec24 12

 

 

15  
ctt

e
I

t

 )3sin33cos2(
13

2

 

 

16  
ctt

e
I

t




)4cos44sin3(
25

3

 

 

17  cxxxx
x

I   211
2

1
4

1
sin

4

1
cos

2
 

 

18  cxxxI   )tan)1((
2

1 12
 

 

19  
cx

x
x

x
I   )1ln(

6

1

6
tan

3

2
2

1
2

 

 

20  cxxx
x

I 


  )1ln(
2

1
lntan

1 21
 

 

21  c
xx

I 



2

cos

10

5cos
 

 

22  c
xx

I 



2

cos

10

5cos
 

 

23  c
tt

I 
2

9
sin

9

8

2

7
sin

7

8
 

 

24  c
tt

I 
2

sin
6

sin3  

 

25  cI 
12

7
sin

7

6

12
sin6


 

 

26  cI 
2

15
sin

15

1

2

13
sin

13

1 
 

Substitution and Integral Tables 

In Exercises 27-40, use a substitution to change the integral into one you can find 

in the table. Then evaluate the integral. 
 

27  cx
x

x
xI 


 1

2

2 tan
2

1

)1(2
)1ln(

2

1
 

 

28  c
x

x

x

x
I 





 

)3(23

3
)

3
(tan

32

1
22

1
 

 

29  cxxxxI   21

2

1
sin)

2

1
(  

dx
x

x
 

4 2




dx
x

x
 

42




 tdte t 3cos2


 tdte t 4sin3


 xdxx 1cos


 xdxx 1tan


 xdxx 12 tan




dx
x

x
2

1tan

 xdxx 2cos3sin

 xdxx 3cos2sin

 dt
t

t
2

sin4sin8

 dt
tt

6
sin

3
sin

 


d
4

cos
3

cos

 


d7cos
2

cos

dx
x

xx
 


22

2

)1(

1

dx
x

xx
 


22

2

)3(

6


 dxx1sin
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30 
 

cxxxI   )1cos(2 1
 

 

31 
 

cxxxI   21sin  

 

32 
 c

x
xxI  

2
sin22 12

 

 

33 
 c

t

t
tI 




sin

sin11
lnsin1

2
2

 

 

34 
 c

t

t
I 




sin

sin42
ln

2

1 2

 

 

35 
 c

x
I   )

3

ln
(sin 1

 

 

36  cyyyyI   11 tantan  

 

37 
, 

 hint: complete the square 

c
x

I 


  )
4

22
(sinh 1

 

 

38 
 cxxx

x
I 











  54)6()

2

42
(sinh7

2

1 21
 

 

39  
c

x
xx

x
I 





  )

3

2
(sin

2

9
45

2

2 12
 

 

40  c
x

xxxxxI 


 

2

2
sin

4

5
)15526(2

24

1 1232
 

Using Reduction Formulas 

Use reduction formulas to evaluate the integrals in Exercises 41-50. 
 

41 
 c

xxxxx
I 

15

2cos4

15

2cos2sin2

10

2cos2sin 24

 

 

42 
 ct

tttt
I  3

2

2sin2cos32sin2cos3








 

 

43 
 

cI 
15

2sin

10

2cos2sin 323 
 

 

44 
 cctI  3tan

3

2
 

 

45 
 cxxI  2secln22tan2

 

 

46 
 ctttI 


 )cotcot

3

1
(8 3

 




dx
x

x1cos




dx
x

x

1




dx
x

x2

2/0,)(sin1cot 2  tdttt


 2)(sin4tan tt

dt


 2)(ln3 yy

dy


 dyy1tan


 522 xx

dx


 542

2

xx

dxx

  dxxx 245

  dxxxx 22 2

 xdx2sin5

 tdt2cos8 4

  d2cos2sin 32

 tdtt 42 secsin2

 xdx2tan4 3

 tdt4cot8
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47 
   c

xxxx
I 






 tanseclntansec
 

 

48 
 c

xxx
I 




3

3tan23tan3sec2

 

 

49  c
xxxxxx

I 



8

cotcscln3cotcsc3cotcsc2 3

 

 

50 
 c

x
xxxxI 

2
)(ln2)(ln4

4
424

 

Evaluate the integrals in Exercises 51-56 by making a substitution (possibly 

trigonometric) and then applying a reduction formula. or evaluate by any suitable 

method 
 

51 
 

c
eeee

I

tttt





2

)1tan()1sec(ln)1tan()1sec(
 

 

52  
cI   cotcsclncotcsc  

 

53  
)12ln(2   

 

54 

 
32  

 

 

55  

3/  

 

56 

 

480/203  

 

 

 Twentieth method    العشرونالطريقة 

   sec(x) csc² (x) ∫  من النوع دوالتكامل ال

Example (82):  Evaluate     

 

 

 

 

 

 xdx3sec2

 xdx3sec3 4

 xdx5csc

 dxxx 23 )(ln16

  dtee tt )1(sec3

 



d

3csc

 

1

0

2 12 dxx

 

2/3

0

2/52 )1( y

dy




2

1

2/32 )1(
dy

r

r

 

3/1

0

2/72 )1(t

dt

 dxxxI 2)(cscsec

 

 









xdxxxxdx

xdxxxdx

dxxxI

cot)cot(secsec

cotsecsec

)cot1(sec

2

2

  xdxxxdx cot.cscsec

 


 xdxxdx

xx

xx
x cot.csc

tansec

tansec
sec
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Exercise (9-1):  by clever rearrangement method evaluate   

No. Question Answer 
 

1   

 

2   

 

3   

 

4   
 

5   

 

6   

                     

Exercise (10-1):  By any method evaluate                       Exe.  (8.5) - page 467.  Calculus-12 

No. Question Answer 
 

1 
 2xx

dx
 c

x
I 













 
 

2

2
tan2 1  

 

2 
 9xx

dx
 c

x
I 


  )

3

9
(tanh

3

2 1  

 

3 
 x

xdx

2
 cxxI  )4(2

3

2
 

 

4   2/5)32( x

xdx
 c

x

x
I 






2/3)32(

1
 

 

5   dxxx 23

 
cxxI 


 2/3)23)(1(

5

1

 
 

6   3/2)5( xx
 
 cxxI 


 3/5)5)(3(

8

3

 
 

7 


dx
x

x5

 
c

x
xI 


  ))

5

5
(tanh55(2 1  

 

8 
 22 4 xxx

dx
 c

x

xxx
I 




212

)2()4(
 

 

9   dxx  1002  cxxx
x

I  )100log(50100
2

22  

 

10 dx
x

x


12

 
 

cxxI   )1(tan1 212  

 

11 
 72x

dx
 c

x
I   )

7
(sinh 1  

 


 xdxxdx

xx

xxx
cot.csc

tansec

tansecsec2

cxxx  csctansecln

 )1( 10

  dxxx

  dxxx 4

 )1()1( 52

  dxxx

 )5)(5( 3/1

  dxxx

  dxxx 123

  dxxx 13 35
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12 
 27 x

dx
 c

x
I   )

7
(sin 1  

 

13 dx
x

x



 

4
 c

x
xI 


  )

2

4
(tanh442 1  

 

14 dx
x

x



 

4
 c

x
xI 


  )

2

4
(tan442 1  

 

15 xdxe x 5cos3

  
cxx

e
I

x

 )5cos35sin5(
34

3

 

 

16 xdxe x 5cos3


  

cxx
e

I
x




)5cos35sin5(
34

3

 

 

17 dxxx
 )3(cos 1    cxxxxxI   )3(sin)3(cos18913

36

1 1122  

 

18 dx
x

x
 )

2
(tan 1  cx

x
xI   )

2
(tan)4(

2

1 12

 
 

19 dxxx 1tan

    cxxxxI   )1log(tan2
3

1 12/3  

 

20 dxxx 1tan

    cxxxxI   )3(tan)33(
6

1 12  

 

21 xdxx 2cos)3sin(   cxxI  )5coscos5(
10

1
 

 

22 dxxx )2cos()3sin( 
 
 cxxI 


 )5coscos5(

10

1
 

 

23 
dxxx )2/sin()6sin(

 
 c

xx
I  )

2

13
sin(

13

1
)

2

11
sin(

11

1
 

 

24 dxxx )8/sin()4/sin(  c
x

I  )
8

(sin
3

16 3  

 

25 dxxx )8/cos()4/cos(  cxxI  )8/3sin()3/4()8/sin(4  

 

26 dxxx )4/cos()4/cos( 
 
 cxxI  )2/sin()2/(  

 

27 dx
x

xx
 


22

3

)1(

12
 cxx

x

x
I 













 12

2
tan)1log(

1

1

2

1
 

 

28 dx
x

xx
 


22

2

)1(

12

 
 c

x
xI 


 

1

1
tan

2

1  

 

29 dxxx 1sin

    cxxxxI   )2(1sin3
9

2 12/3  

 

30 dx
x

x


1sin

 
 

cxxxI  1sin212  

 

31 dx
x

x


1

 
 

cxxxI  1sin)1(2  

 

32 dx
x

x


3

 
 c

x
xxI  

3
sin3)3( 1  

 

33 dxxx  2cos1tan  cxxxI  tanseclnsin  

 

34 
 xx

dx
2sin4tan

 cxxI  csc21csc4ln
2

1 2  
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35 
 2)(ln3 xx

dx

 

c
x

I 







 

3

ln
sin 1  

 

36 dxx  1tan 1  cxxxI   11tan)2( 1  
 

37 
 522 xx

dx
 c

x
I 







 
 

4

22
sinh 1  

 

38 
 542 xx

xdx
 cxxxxI  5421)2(ln2 22  

 

39   dxxx 423  cxxI  )83()4(
15

1 22/32  

 

40   dxxx 435  cxxI  )166()4(
45

1 32/33  

 

41 
dxx )2/(sin5  

cx
xx

I  )2/cos(2
3

)2/(cos4

5

)2/(cos2 35

 

 

42 
dxx )3/(cos5  

cxx
x

I  )3/sin(3)3/(sin2
5

)3/(sin3 3
5

 

 

43 
dxxx )2/(cos)2/(sin 32  

c
xx

I 
5

)2/(sin2

3

)2/(sin2 53

 

 

44 
dxxx )2/(sec)2/(sin 42  cxI  )2/(tan

3

2 3  

 

45 
dxx )5/(tan3  cxxI  )5/cos(log5)5/(tan

2

5 2  

 

46 
dxx )2(cot 4  cxxxI  )2cot(

2

1
)2(cot

6

1 3  

 

47 
dxx )7(sec3    cxxxxI  7tan7sec7sec7tanln

14

1
 

 

48 
dxx )7(sec4  cxxI  )7tan(

7

1
)7(tan

21

1 3  

 

49 
dxx  )5csc(  cxxI  5cot5cscln

5

1
 

 

50 
dxxx

22 )(ln  cxxxI  ]2)ln(6)(ln9[
27

1 23  

 

51 
dxee xx


422 )(csc  

c
ee

I
xx





6

)3(cotcot 222

 

 

52 dx
x

x


3sec
 

  cxxxxI  sectanlntansec  

 

53 




1

1

21 dxx  
2/  

 

54  

2/1

0

2/32 )1(

1
dx

x
 

3/1  

 

55  

2

1

2/32 )1( dxx  
3/  

 

56 




1

1

2/32 )1(

1
dx

x
 

2  
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Exercise (10-2): By any method evaluate            Exe. (38) page (311)  – book al-samarrai 

No. Question Answer 
 

1 




42

)2(
2 xx

dxx
 cxxxxI  4215)1(ln 22  

 

2 
 x

xdx

sin1

cos
 cxI  sin12  

 

3  dx
x

x
2

cos2  c
xx

x
x

xI 
2

sin16
2

cos8
2

sin2 2  

 

4  dx
x

x
1

)cos(ln
 

cxI  )sin(ln  

 

5  



)3)(2)(1(

)73(

xxx

dxx

 
cxxxI  3ln2ln1ln2  

 

6 dx
x

x


 225

 
c

x
xI 


  )

5

25
(tanh525

2
12  

 

7   2121 y

dy

 
c

y
I   )

11
(tan

11

1 1  

 

8 


3 2 3

3

x

xdx

 
cxI  3/22 )3(

4

9
 

 

9   6

2

1 x

dxx

 

cxI   )(tan
3

1 21  

 

10   2

3

1 x

dxx

 

cx
x

I  1ln
2

1

2

2
2

 

 

11   xe

dx
53  

ce
x

I x  3ln
15

1

3

5  

 

12   x

dx
2cos1  

c
x

I   )
2

(tantan
2

1 1   

 

13   x

xdx
2cos1

cos

 

c
x

I   )
2

(sintanh
2

1 1  

 

14   xx ee

dx
55

 

ceI x   )(tan
5

1 51  

 

15  )ln(sin

cot

x

xdx

 

cxI  ))ln(ln(sin  

 

16 
 xe

dx

1  

ceeI xx  )11ln()11ln(  

 

17 
 )1( xx

dx

 

cxI  )1ln(2  
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