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_[cos(mx) cos(nx)dx . I sin(mx) cos(nx)dx « J' sin(mx) sin(nx)dx
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Thirteenth method =~ s 431 48 )
[ cos(mx) cos(nx)dx ¢ ['sin(mx) cos(nx)dx « [ sin(mx) sin(nx)cx £15Y) Cra CdLal<i 48, )l

AV A8l ol sal) A8y plall o3 lisg
cos(A+ B) =cos Acos B —sin Asin B
cos(A—B) =cos Acos B +sin Asin B
sin(A+ B) =sin Acos B + cos Asin B

sin(A—B) =sin Acos B —cos Asin B
Ll Sy GEa) 038 (e g

sin(mx)sin(nx) = %[cos(m —n)x—cos(m+n)x]
cos(Mx) cos(nx) = %[cos(m _ )X+ cos(m+n)x]
sin(mx) cos(nx) = %[Sin(m —n)x+sin(m+n)x]
Example (56): Evaluate [sin(3x)cos(5x)dx
sin(mx) cos(nx) = %[Siﬂ(m —n)x+sin(m+n)x]
j sin(3x) cos(5x)dx = % j [sin(3—5)x + sin(3+ 5)x]dx = % j [sin(=2X) + sin(8x)]dx

= %[‘71 j sin(—2x)(—2)dx+% j sin(8x)(8)dx]
= (1/4)cos(—2x) — (1/16) cos(8x) + ¢

Example (57): Evaluate [sin(x)sin(6x)dx
sin(mx)sin(nx) = %[cos(m —n)Xx—cos(m+ n)x]
[sin()sin(6x)dx = % [[cos(1—6)x —cos(1+6)x]dx = % [[cos(~5x) — cos(7x)]dx
= %[_?1 I cos(—5x)(—5)dx — %jcos(? X)(7)dx]

-1 . 1 . 1 . 1 .
= —SIn(-5x) ——sIn(7x) + ¢ = —sIn(5x) — —sin(7X) + ¢
(-5x) " (7x) 10 (5x) " (7x)

Example (58): Evaluate |cos(3x)cos(x)dx
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cos(mx) cos(nx) = %[cos(m —n)X+cos(m+n)x]
j cos(3x) cos(x)dx = %j[cos(Zx) + cos(4x)]dx
- %[% [cos(@x) )+ % [ cos(ax) (4]

1 . 1.
= —sin(2x) +=sin(4x) +c¢
2 (2x) 3 (4x)

Fourteenth method — _de 4ay )l 48, )kl

[sinx)" (cos x)" dx g1 (e cDlalss 4y yha

N sm adl C¥ls) sae cllia

el Ay yhall oo S Jall 8 m=0 3 n=0 <13 ¥ Jlaiay)
@dll aaall s m Sy s dae Laaaal) IS 1Y s AGED Jlaiay)

(sinx)™ = (sin x)**

= (sin? x)* (sin x) = (1—cos? x)* (sin x)

Jgad) Ja e Satid als ) jall Jigual) 8 Ania H8l) 038 (12 52
Gy Grilaiall aadiusi da g yolael oy m e S OIS 1A Gl Jlatiay)

(cos x)? =% & (sinx)? =#
wadddl) dua
Gk oe (UAV) e 39U JelSal 4yl G QS illaal sl g ypoas Blaad
Jio padadl] pna (el

j (Inx)"dx = x(INX)" —n j (In x)"*dx

sin™™* x-cos™? x o -1

Isin" X-cos™ xdx = —
m+n m+n

[sin™2 x-cos™ xdx,n=-m  reduces sin" x

sa N+L

sin™™ x-cos™* x . m-1
m+n m+n

jsinn X-cos™ xdx = J'sinn x-cos"*xdX , n=-m reduces cos™ x

m+1

sin"*ax-cos ax n-1
a(m+n) m+n

jsin" ax-cos™ axdx = — J‘sinH ax-cos™ axdx, n=-m reduces sin" ax

sin" ax - cos™* ax . -1

Isin” ax-cos™ axdx =
a(m-+n) m+n

jsin" ax-cos™“axdx ,n=—-m reduces cos™ ax
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COS™ X uddd A

jsin”x-cos"‘xdx=fsin”x-cos 1 xcos xdx = Icos X-sin" X - cos xdx

n+l

. . sin™ x
Let u=cos™'x = du=—(m-1)cos™?xsinxdx & dv=sin"x-cosxdx = V:ﬁ
+
. L o,sin™x sin™ x L.
I :j5|n“ X-cos™ xdx:_[udv:uv—fvdu =(cos™ ™" x)( )+ (m—1)cos™ % xsin xdx
+1 n+1
sin™ x-cos™ x m-1
| = I3|n”*2x cos™ 2 xdx
n+1
sin"™ x-cos™'x m-1
| = + J'sm X -sin’ xcos™ 2 xdx
n+1
sin™ x-cos™* X m- 1
| = jsm x(1—cos? x) cos™ 2 xdx
n+1
sin"™ x-cos™*x m-1 m-=1¢. , n
| = + _[sm xc0s™ 2 xdx — —— [sin" xcos™ xdx
n+1 n+1
sin™ x-cos™ x m-1 m-1
| = Ism xcos™ % xdx — —— 1
n+1 n+1
m-1, sin"™x.cos"*x m-1
|+ | = + J'sm Xc0s™ 2 xdx
n+1 n+1
n+1+m-1_ sin™ x-cos™ x m-1
| = jsm xcos™ 2 xdx
n+1 n+1
n+m. sin"™x.cos™'x m-1
S + J.sm Xc0s ™2 xdx
n+1 n+1
sin"™ x-cos™'x n+l m-1 n+1,., e
| = . + . Ism xcos™ = xdx
n+1 n+m n+1 n+m
n+1
sin™ x-cos™
| = Ism XC0s™ 2 xdx
n+m n+m
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Example (59): Evaluate [(sinx)°(cosx)* dx
sinx &2 T e cll B QL) e Gad) &6l (e Jpallé 538 330 sinx ool O s @
j (sin x)®(cos x)? dx = j (cos X)2(sin x)%dx = j (cos X)2(sin x)?(sin x)dx
= '[(cosz X)(L—cos? x)(sin X)dx = '[(cosz X —cos” x)(sin x)dx

2o . —cos®*x  cos® x
:Icos xsmxdx—jcos xsinxdx = 3 + c +C

el aladinly Jisadl 138 s Sy @

m+1

sin"™ x - cos X

J‘sinn X-cos™ xdx = — jsm" 2 x-cos™ xdx
m+n

m+n
s ) sin?x-cos®x 2 . ) sin?x-cos®x 2
I(smx) (cosx) dx=——+g_[smx-cos xdx=—# Icos X(—sin x)dx
I(sinx)S(cosx)zdx:—sm X - €0S° x_g cos® X
5 5 3
sac @l aladiuly Jlpad) 138 Ja (Say Gl @
s N+l m-1
Isin"x-cos'“ xdx = S X:C0S X jsm X -cos™ " xdx
m-+n m+n
P4
_[(sinx)3(cosx)2dx=w+%jsin3xdx

—(sin x)"* cos x

SN n-1¢, . 12
j(smx) dx = + - I(smx) dx

o4
J'(sinx)s'(cosx)zdx:sm x5003x+&_1)( (S|nx3) COS X ZIsmxdxj

I(sinx)3(cosx)2dx_5|n X - COS X 1((smx) cosx 2

—COSX |+C
5 5 3 3 J

Example (60): Evaluate [(sinx)*(cosx)dx
ol 1) A&y plall (e sl o) (S 138 Aaa gy dlae) cosx Alay sinx Al e S il Gl @
Gy aigiaiall aadtid SN G Jladay) e

(cos X)? _1+ cgst & (sin x)? =1—c;s 2X
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j(smx) (cos x)*dx = j(l cos 2X (1+0252X x=%j(1—c052x)(1+c032x)dx

__1'[1+cos4xdx

1 1 1 X
== |(@-cos?2x)dx == | dx—= | cos? 2xdx =
41( ) 4I 4j 4

ZE_%J'[%+COZ4X ———jdx——j[cos4x]dx

1
=————== cos 4x 4dx————sm4x+c
; [[oosaxj@)dx = — =

saclal) aladiuly Jisud) 138 Ja (Sar @

sin™ x-cos™ x

jsin“x-cos”‘ xdx = _[sm X -c0s™ 2 xdx

m+n Tman
j(sinx)z(cosx)zdx sin®x- cosx 1 sin? xdx _sm X - COS X 1J-(1 cost
4 4
H]
J-(Sin X)Z(COSX)ZdX :M+l.§_ljcoszx.dx :M 5__.[0032)((2)(1)(
4 42 8 4
j(sin x)z(cosx)zdx_w+§—ism 2X+C
4 8 16
Exercise (6-1): Evaluate the trigonometric integrals
No. | Question | Answer
Powers of Sines and Cosines
Evaluate the integrals in Exercises 1-22.
1 ICOSZXdX | :%sin 2X+C
24 9
.. X _2
2 3sin—dx = 2
9 3
3 [ cos® xsin xdx = “Leost xac
i 4
4 .COS 2XSin4 2XdX | :isin5 2X+C
i 1
in® xdx 1 oe?
5 |]JS | =—cosx+5cos’x+c
6 cos” 4xdx 1 = Lsinax—Lsin®ax+c
© 4 12
7 _Sin5 xdx I :—cosx+§cos3x—%c055x+c
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8 jsin‘r’idx
) 2

16

| =—
15

9 I cos® xdx

) AL
I:smx—gsm X+C

716

10 J 3cos° 3xdx
0

8

|=—
15

11 | |cos® xsin® xdx

I :lsin4 x—lsin6 X+C
4 6

12 | [cos®2xsin® 2xdx

I :isin6 2x—isin8 2X+C
12 16

13 .COSZXdX I=%x+%sin2x+c
wl?2 T
14 jsinz xdx =
0
wl2 16
15 J‘sin7 ydy I =£
0

16 | [7cos ot

] ] 21 . ]
I =73|nt—7sm3t+€sm5t—sm7t+c

T
8sin* xdx
0

17

| =37

18 | [8cos* 2zxdx

| :3x+£sin4ﬂx+isin8ﬂx+c
T 87

19 | [16cos? xsin? xdx

| =2x—4sin xcos® X+ 2sin XcoS X +C

[8sin* ycos? ydy

0

20

|7
2

21 | [8cos® 20sin 26dx

| =—cos*20+c

7l2

22 _[sinz 26cos® 2416
0

1=0

Integrating Square Roots

Evaluate the integrals in Exercises 23-32.

25 I\/l—sinztdt
0

wl2
23 J- fl—cosxdx =4
5 2
24 J\/l—costdx | =242
0
=2
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26 lel—coszede | =2
0
l2 -2 3 2
27 J' SIn~ X i I=\/:——
< AJ1—cos X 23
/6 |:2_\/§
28 '[\/1+ sin xdx hint
0
multiply by [1-sinx
1-sinx
29 .’f cos” x dx |:ﬂ(§)5/2_2(§)7/2_g
5ﬂ/em 52 7 2 35
3zl4 \/E—l
30 J'\/l—sin 2xdx | =T
l2
7l2 IZ\/E
31 [ox1-cos20d0
0
32 | T 128
j(l—coszt)s’zdt =3

Powers of Tangents and Secants
Evaluate the integrals in Exercises 33-50.

33 ..SeCZ xtan xdx | = 1tan2 X+C
" 2
34 .secxtan xdx I:%secxtanx—%ln|secx+tanx +C
35 [sec? xtan xdx = Leectyic
¢ 3
36 | | sec® xtan® xdx | = L i e
37 | [sec® xtan® xdx | :%tans X+C
38 _.Sec4 x tan® xdx | = 1tan5 x+1tan3 X+C
0
39 j 2sec® xdx | =23 -In(2-+3)
—rl3
'ex SeCS eXdX 1 X X X X
40 | | I =E[sec(e ) tan(e )+In‘sec(e ) +tan(e”)|]+c
) 4
41 | |sec Ao [ :%tanﬁsec2¢9+§tan9+c
" 4
42 | J3sec” 3xdx I :tan(3x)+§tan2(3x)+c
7wl2 4
43 | [osct ado '=3
l4
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44 jsecs xdx I :%tans(x)+§tan2(x) +tan(x) +c
45 I 4tan® xdx | =2tan?(x) —2In(1+tan?(x)) +¢
zl4
46 J‘Gtan4 xdx | =37-8
—rl4
47 jtan5 xdx I :%tan4 x—%tan2 x+Insec x|+ ¢
48 I00t6 2xdx I :_—100t5(2x) +1cot3(x) —lcot(2x) +C
10 6 2
7l3 4
49 IcotSde '=§_|”*/§
716
[8cot* tdt _ =8¢
50 I —?cot (t) +8cot(t) +8t+c

Products of Sines and Cosines
Evaluate the integrals in Exercises 51-56.

J‘Sin3XC052XdX | =—ECOSX—iC085X+C
o1 2 10
; 1 1
jsm 2xcos 3xdx | == C0SX—-—CoS5X+C
52 2 10
n | =x
53 jsin 3xsin 3xdx
7l2 1
o4 jsin X COS XdX =3
0
55 ICOS3XCOS4XdX | :Esinx+isin IX+cC
2 14
l2
56 Icos X c0S 7 xdXx =0

-rl2

Exercises 57-62 require the use of various trigonometric identities before you
evaluate the integrals.

57 _.sin24900336d¢9 Izlsin39—lsin9—2—losin50+c

58 ,.COSZ 20sinad o I :—gcosse+gc0530—cose+c

59 | Jsin®@cos2ad6 | =_§CO359+C

60 _.Sin349003 2606 I =§c035«9—cos36+cose+c

61 | Jsin@cosOcos3edo | =1c056—2—10c035¢9+c

62 _.Sin @sin 20sin 300 | =—Lcos20- L cos a0+ cos60+c
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Assorted Integrations
Use any method to evaluate the integrals in Exercises 63-68.
-sec? I =secx—Injcscx +cot x| +c¢
63 | [S€C7X 4, | |
Y tanx
-sin®x Loec?
64 dx I :gsec X —SecX+cC
° cos” x
2
65 [ tan XdX | =secx+cosx+c
¢ CSCX
¢ Cot X
66 >—aXx | =—Injcsc2x +cot 2X|+¢
¢ C0S” X
—
67 xsin® xdx I=£x2—1xsin2x—10032x+c
° 4 4 8
) 3
6g | | Xcos” xdx I:xsinx—%xsing'x+§cosx+%cos3x+c

Exercise (6-2): Evaluate the trigonometric integrals

No. | Question Answer
1 jx3cosxdx I = x3sin x+3x% cos X —6xsin X —6c0s X +C
9 J.XCOSh xdx | =xsinhx—coshx+c
2 3 3
3 jx In xdx et
3 9
xdx | =—xcotx+Injsinx|+c
4 J' et | |
sin? x
3 4 4
5 .[X In xax 1= inx-X e
4 16
[ ax .: 2 _
6 | Je" sinbxdx | = 2b 2(—1eax cosbx+%eaxsinbxj+c
a“+b“\b b
7 x sin 3xdx | =_?Xc053x+ésin3x+c
; .'sin(ln o - —xcos(In x)2+ xsin(In x) te
9 [ v3e*dx | = x%* —3x%e* +6xe* —6e* +cC
3 2 2
10 | | In(a” + x“)dx | :xln(a2+x2)—2x+2atan‘1§+c
a
(2
11 | )X cos(2x)dx I :%xzsin 2x+%xcos ZX—%sin 2X+C
12 | Jx/lexx ! =§(1+ X)*'? —§(1+ X)*'? +c
13 IstX—ldX | :g(x—l)g’z+g(x—1)7’2+g(x—1)5’2+§(x—1)3’2+c
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14 | [sin? xdx 1= 2x-Lsinaxsc
C 2 4
15 :sin xsinh xdx | :sin xcoshx;cosxsinhx+C
16 'Secz xdx | =tanx+c
17 jln(xz)dx | =xIn(x?)—2x+c¢
18 'xtan‘l xdx I :%x2 tan’lx—%(x—tan’lxch)
e In X -1
19 -2 |l =——Ihx——+c
J 3 o 2x? X
20 | (X 4y | =xe* (——)+e*+c
J 1+ x)? +X

Exercise (6-3): Evaluate the trigonometric integrals

No. | Question Answer
1 SinSXSin 2XdX | :lsinx_isin5x+c
© 2 10
2 sin 3x cos 5xadx | = % cos(—2x) — % cos(8x) +¢
3 C0S 4xcos 2xdx 1= Lsin2x+ Lsinex+c
: 4 12
4 cos 3xsin(—x)dx | :%cos(—4x)+%cos D46
[ cos® x)?sin3x 2 .
S J€os 20 I:(COSB )"sin3 +—sin3x+c
9 9
P! N
6 cos” 2xsin> 2xdx | =L cos® 2x— L cos 2x + L cos® 2x + ¢
* 10 7 18
7 Jsin x cos® xdx | =§(sin3’2x~cos2 x)+%(sin x)¥? +¢
[sin3 —(sinx)’cosx 2
g | Jsin”xdx | =¥——(cosx)+c
3 3
T afin 2 3/2 —
9 | Jsin®x(cos x)**dx | =?2(cos X)5/2+§(COSX)9/2+C
[ ~052 x-sin3x 1
6
11 cos? xsin® xdx | =_sin4x'c035x_4sin2x'c035x+£(cosx)5 e
* 9 63 63 5
.COSZ xsin® xdx I7sin5x-cosx+1 —(sinx)3cosx+—3sinx-cosx+§x e
12 | | 6 6 4 8 8
F . 4  (ei 3 _aci .
13 .Sm Xax | = (sm>2 CosX 35|n:3< cosx 3 e

67




Jbal Jald e o algie ) ALl e alaal) - 40U A pal) - ciludaly ) and - ciliall 4 ) A0S - ey S5 daala

~ B <R 3 =f H
14 COSe 3xdx | = (cos3x) S|n3x+5(c053x) sm3x+5c053x-sm3x+EX+C
J 18 72 48 48
. 4 3
15 .tan xdx Iz(tanx) —tanX+X+cC
16 | |tan®3xsec’ 3xdx | ten3x tan"3x
i 12 18
. 3 . 2
17 cot” 2xdx | Zm_lhﬂsin 2X|+C
J 4 2
] 4 cot?3x cot”3x
18 | | cot3xcsc” 3xdx | —_ _ I
6 12
[ £2 3 sec®xtanx secxtanx 1
19 || tan® xsec” xdx | = - —=In[secx+tanx|+c
4 8 8
3 4 32 7/2
20 | ] ~tanxsec” xdx ,tan”® tan""
3/2 712
o1 | [ OX | =—Incscx+cot X| +Cos X +C
J tan xsec X
* 3/2 - 5 5/2 9/2 13/2
99 cos¥'? xsin® xdx | = 008X ,c0s™'x jc0sPx
* 5/2 9/2 9/2
. 4 2
23 | |sec xdx |:_[(secx)4dx=%3(tam+§tanx+c

(24) Prove (a) Isin mxsinnxdx=0 forany m,nel and m=n

—X

(b) jsin mxscos nxdx =0 for any mnel and m=n

—X

2

COS“ X
25) Find the area between the curve y = and x-axisand x=1/2 ,x=1/6
(25) Y Vsin x

(26) Find the area between the curve y =cot®2xcsc® 2x and x-axis and x=1/3,

x=1/6
Exercise (6-4): Evaluate the trigonometric integrals

No. | Question Answer

1 -cos3xd [ _sin"?x sin?x
Vi X 172 5/2

2 sin 7xcos 9xdx I =Ecos(—2x) —icos(16x) +C
i 4 32
. 2 3

3 | Jsin@cos” o |:C020+c
~ . 2 - 3

4 | Jsin®3xcos3xdx = S|n93x e

5 | [sinx+/1+cos xdx | (@L+cosx)*™
’ 3/2
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3 —
6 e | =—— —sinX+Cc=—CSCX—SiNX+C
-2 sin x
* SIN” X
c sinXx | =In|]2—cosx+c
7 —  dx | |
J 2-C0S X
[ tan® sec® x
8 | tan” xsec xdx | = secx4C
. 2 1
9 sec” 2X | ==In[l+tan2x+|
J 14 tan2x 2
[ tan® tan’2x 1
i@ | e 2xdx | = —Eln|0032x|+c
11 ”f cos xdx | =2-2(n[v2 +1
5 1+ oS X
) 7 4 8 10
12 | Jtan’ xsec Xdx j_lan'x tanTx o
8 10
P o @  (ci 5 i 3 A
13 sin® xdx | = (sinx)*cosx  5(sinx) COSX_15S'”XC°SX+E)(+C
’ 6 24 48 48
- COS 2xdx csc® x
14 ———ax I =— +cotXx+cC
J sin” X
[ 6 3 2
xtanx 4 X tan x
15 | Jsec xdx | Sec xtanx  4sec” xta +§tanx+c
5 15 15
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