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Moment of Random Variables :

Def : —Letar.v. for c.r.v let K € I" Then E (X*)is called
(the K"moment of X) or ( the moment of the ordedr K of X)

WhenK =1 - E (X)) = 15 moment of X=M E (X?)
= 2™ moment of X

Note : E(XX) exitis if fE (|X]|*) < o
Theorm "1":— If E (X*) exsists then E (X/)
existis ,j < Kand j, kel

Proof : case "1"If (X)isc.r.vwithp.d.f (X) since E (X*) exsists
S LB (IX]*) < oo

T.P E(X®exsists,T.P E (|X|¥) < o

F (V) = [ I feods.

E(x) = [ XV Fx0) dx+ j T XY fdx
|X|<1 |X|>1

2" central moment of R.V.X is equal to V(X)

Ex:—letXbear.v.s.t.E(X) =1, E(X?) =2and E(X3) =5,
Find the 3" central moment of X

sol:— E[(X —M3)] = E{X3—-3MX? + 3M?X — M3}
= E(X3) —3ME(X?) + 3M?E(X) — M3

=5-312+311-1=1




Moment Generation Function (M.g.f.).

Def : A moment of generation function( M. g. f ) of a random variable x is
a function that determines all moments of X, denoted by M,.(t) ,
suppose that t € (—h,h) ,h > 0.

If E [e™], exitisVt € (—h,h) then M,.(t) = E [e”],-h<t<h
There are two case of M, (t)
Case (1)

If Xis a discrete random variable from ap.m.f ,f (x)

Mo (D) = E[e™] = ) ef(x)

Vx

Case (2)

If x is a continuous random variable have ap.d.f ,f (x)

M,(t) = E[t™] = j Tt f ()dx
0

—-x
Ex : Given ap-d-f; f (x) = {eo for x0>v|f)}

Find M,,(t)

(0] (0]

e* e X dx = J e~ (1=0x gy
0

sol: M,(t)=E (%) = J

0
This integration exist only when (1 —t) > o, itsmeant < 1.

-1 —1
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Mx(t)z 1 —

M,(t)=— fort<1.




Theorem " 2": Let x be a random variable have a M. g. f.,then
M (t=0)=1,M(t=0)=E(x), M;(t=0)=E(?),
MI(t=0)=Ex3), .. MM t=0)=Ex"
proof:

M,(t) = E(e®) , by Macclaurin series

2 3 k

eX=14x+ 4 b g
2! 3! k!

242 353 ek
fe = 1t o e
2! 3! k!

t2x?  t3x3 tk ok
M () =E[1+tx+ ——+——+ - +——+]

20(v2)  $3[(a3 k(. k
t°E(x +tE(x)+m+tE(x)

M, (t)=14+tEx + > = o

_|_]

M.t = 0) = M,(0) = 1
dM,
my(e) = 20
2 k-1

2t 3t
=E(x)+z E(x*)+—E3) +

k
30 e B A

M,(t=0) = E(x)
k (k — 1)tk=2

6t
Mi(t=0)= EG?) + o BG4t

My(t=0)=Ex?*)
similarly we can find E(x3),E(x*), ..., E(x*)

Note:

E(x") + -




k

2
M) = Me(0)+tMy(0)+= M(0)+ - +=—ME(t =0)

This series is called M. g. f. by Macclaurin series.

EX.: Given M, (t) = 1_#% < % , find E(x)and V (x)

sol.
M () =(1-20)70,t < -
M.(t) = —(1-2t)2.(-2)=2(1-2t)7?
E(x)=M,(t=0)= 2(1-0)2=2
V(x) = E(x*) — [E(0)]?
MJ(t) =8(1—2t)73
E(x?) = M!(0) =8(1—-0)3=8
“V(x)=8-(2)2=4 =0
Theorem "3":
Let x be a random variable haveaM.g.f.M,.(t), If y=ax+ b,
a,b € R,Then M,(t) = e’ M,(at)
proof:
y=ax+b
M, (t) = E(eY) = E (et (®*+P)]
_ E[ a@ax ebt] = ebtE[e@Dx]
= eP'M, . (at)
since M,.(t) = E(e%)

- My(at) = E[e@YX]




