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Definition: The goup

The pair(G,*)is agroup if and only if(G,¥)is semi group with
identity in which each element of G has an inverse,

Or
Definition: The 3rou p

A group is a pair (G, *) consisting of nonempty set G and
binary operation * defined on G sat is fiying the following

L) y ¢ 2 & o
1- The binary operation * is associative

(a*b) *c = a*(b*c) Va, b, ceG
2- There is an element e€G such that
a*e=e*a=a ,VaeG
This element e is an identity element for
OnG ,JeeG.s.taxe=e*xa=aVaet

3-For each a€G there is an element for *on such that
a*a l=alxa=e

The element a~ 1 is an inverse of a VaeG,3 a 1€ G s.t a

=l 1

a " =a " *xa=e

Example: Let G = z,a*b =a+b+2,show that (G,*) is a comm.
Group

sol/1- closure:Let a,b,€ z then a*b =a+b+2€z —» closure is true.




2-Asso .Law :Let a ,b ,c € z then
a*(b*c) =a*(b+c+2)=a+(b+c+2)+2=a+b+c+4....... -1
(a*b)*c = (a+b+2)*c= (a+b+2)+c+2
a+b+c+4..... -2
: (1) =(2)— *isasso
3- identity :Let e€ z s.t a*e = e *a = a the
A¥*e=g+es+2+q —» e+2=0 e=-2
- e=-2 since a*-2 =a +(-2)+2=a
4-inverse: a, b €z 3 a*b=b*a=e
a*b=a+b+2=-2 — b=-a-4
b*a=b+a+2=-2 _, b=-a-4
(a+4)e zsince a*-(a+4) :a~1 = —

— a+(-(a+4)+2=-2=e  :(G,*)is group




5-comm.Toprove . a*b=b*a V a, b€ Z
A*b=a+b+2=b+a+2=b*a

:(G,*) Is a comm. Group

\ 1-Every group is asemi group but the converse
true as in the following example shows.

is not

2-(N,+)is a semi group but not group because

A eN V aeN for ex.a™’

5eNbut51=-5¢N



Example :Let R be aset of real number and "."

Is a usual multiplication on R .show that (R/{0})is an abelian
group

Sol/1-R/{0}#Qis anon-empty set
2-Let a,beR/{0}
— q#0,b#0 then a.b#0
— a.beRr/{0}
R/{0} is closed under"."
i.e\R/{0}xR/{0}R/{0} such that

- (a.b)=a.b
,Va,beR/{0}
so "." is abinary operation on R/{0}
3-Let a.b,ceR/{0}then
a.(b.c)=(a.b).c

— (R/{0})is semi-group



\

4-since 1 €R/{0}and l.a=a.l,YaeR/{0} Then ,e=1 ,eeR/{0}

OR
Let aeR/{0}and a*e=a
a.e=q a= szl and
— e*ag=e.a=1.a=a
:a*e=e*a=qa
5-Let a€R/{0} since a#0
eR/{0}and-
a.al= ai a=1=e
OR

Let a€eR/{0} and a*a™1=e

-1 1_
aal=1 a 1;—

1 #0
a




Let (G, *)be agroup then The identity element is

unique
T.P unique identity
Let el,e2 be two identity element
el*e2=e2*el=el...-1
e2*el=el*e2=e2....-2
1 =2

:identity element is unique.




