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( The Natural Mapping ) el Gl 2
Let (R, +,.) be aring and (I, +,.) beanideal ofaringR.Then
the natural mapping is function denoted by mat; and is defined by :
nat;: (R,+,) — (R/1, %+, .) such that, nati(a) =a+1,VaeR

(R, +,.) nat; R/1,+,.)

naty(a)= a+l

mple:-(1)f:(Z,+,.)— (Z/(3),+,.) is natural mapping
(2)g: (Zg,+g, .g) — (Zg/(4),+, .) is natural mapping

The natural mapping nat; : (R, +, )— (R/I, +, ) is ring
homomorphism , on to function and the Kernel of natural mapping is
equaltol.

nat;: (R, +,.) — (R/I,+,.)S.t nati(a) =a+1,Va R
T.P. nat;: (R, +,.)—> (R/L+,))is
(1) ring homo

(i) on to and
(§if) Ker. (nat;)=1




> nat;(a) =a+1

—> nat;(b) =b +1

S [
N

nat;(a +b)=(a +b) +1

1- natj(a + b) = (@+b) +1

=(@+1)+®m+ D
=mnat;(a) + nat,(b)

2- naty(a.b) = (a.b) +1
=(@a+1).0b+ 1))
= nat,(a) . nat,(b)

“ nat; is ring homomorphism

nat;(R) = {nat;(a):a € R}
={a+1I :a€R}=R/I

~ natjisonto.

(i) To nrave Keor (mat. =1
111) To prove, Ker. (nat;)=1.

b

Ker. (nat;) ={a € R:nat; (a)=0}
={a€R:a+1=0+}
={aeR:a+l=I}

={a€R:acl}=I

[by Remark, a + 1 =Tiff a €1]




es= Letf: (Z, 4, )= (2/(3), + »») be a function such that

) =a+(3).Va €Z. Show that fis epimorphism and find the Ker.f
( 03\5‘ Ay kil Gildaa Jaly )




The Fundamental Theorems of Ring Homomorphism

, = ( First Fundamental Theorem ) (ls¥! 4pubual) 4a suall
Letf: (R, +,.) — (R, +",.) bea ring homomorphism and onto
function. Then (R/Kre.f ,+,.) = (R, +",) .

To prove g is isomorphism function, (i. €) to show

(1) gishomo
(2) gisonto
(3) gisonetoone
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Let a + Ker. (f), b+ Ker. (f) € R/Kre. (f) such that
Let a + Ker. (f) = b + Ker. (f)
< To prove , g(b + Ker. (f))=g(a + Ker. (f)) >

« a+ Ker. (f) = b+ Ker. (f)

= b—a € Ker. (f) (by Remark, a +I =b+Iiff b—a €])
= f(b—a) =0 ( by kernel definition )
= f(b) —f(a) =0 (since fis ring . homo)

= f(b) = f(a)

= g(b + Ker. (f))=g(a + Ker. (f))
- g is well defined .




g ( R‘v +,0)

> g(a + Ker.f) = f(a)
g(b + Ker.f) = f(b)

. g((a + Ker. (f))+(b + Ker.f) )=g ((a + b) + Ker. (f))
=fa+b)  (gUyasily)
= f(a) + f(b) (since fis ring. homo)

=g (a+ Ker.(f)) + g(b + Ker. (f))
And

Bl g((a + Ker.f) - (b + Ker.f) )=g ((a* b) + Ker.f)
=f(a-b) (8 Wy pay ity )
= f(a) ~ f(b) (since fisring. homo)
=g(a +Ker.f) - g(b + Ker.f)

». gis aring. homo - (1)




g (R/Kre.f) = {g(@a+Ker.f): vae R}

={f(a):VaeR}=R .
~ gisonto- (2)

Let a + Ker.f,b + Ker.f € R/Kre.f such that

8(a + Ker.f)=g(b + Ker.f)

= f(a) = f(b)

= f(b) — f(a) = 0

= f(b—a) =0

= b—a € Ker.f ( by kernel definition )

= a+Ker.f = b+Ker.f  (byRemark,a+I=Db+liff b—a €]
~ fis1-1--- (3)

Therefore, by (1), (2) and (3)

= g is an isomorphism function = By definition of ring isomorphic




