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In this section, study the notions of Connectedness
If X can be expressed as the union of two disjoint non-empty open subsets of X,
otherwise X is said to be connected space.
Definition (19)

Let (M, t)be topological, for any two non-empty disjoint open subsets H and D of
M are said to be separated sets briefly (Sepa) if H N cl(D) = @and D ncl(H) = @.

Remarks
1-Every two disjoint open (closed) subsets of any space are separated

space.

2- Let H and ID be separated subsets of X, thenif D € Hand S € X,
then D and S are also separated
Theorem

Every two open (closed ) subsets of X are separated, iff they are disjoint.

Proof.

Any two H, D are separated sets, then two open sets and cl(H) = H, cl (D) = D,
sothat HNcl(D) = @and D N cl(H) = @, then HN D = @.

Conversely,

If H, D are both disjoint open, then Hnd D€ are both closed, so that; HN D =
@ - H < D¢and D € HE, also cl» (D) = D€nd cl (H¢) = HE.

We get cI(D) < cl (H®) = H¢nd cl(H) < cl(D) = D€,

Hence H and DD are separated sets, sothat H N cl(D) = @, DN cl(H) = @.m



Remark (20)

The space (M, 7) is said to be disconnected (Dconnt) if and only if it is the union
of two non _empty separated sets. That is there exist two non-empty disjoint
separated sets D, H suchthat Hncl(D)=@andDNncl(H)=@0and HUD =E.

We say that E is said to be Connected if and only if it is not Dconnt.

Theorem (21)

The space (M, 1) is connt. if and only if M cannot be expressed as the union of two

disjoint non_ empty open set of (M, 7).
Proof.

Suppose that (M, 1) is Connt space and M = H U D, where H # @ # D are closed
sets, then H = Dand D = H® (because M =HUD and HnND = @). Since
H = Dnd D is closed set and D = Hand H is closed set, weget H e tand H €
Then (M, 1) is Dconnt this is contradiction. Hence M #+ H U D, where H,D are
closedsets, HND =@and H # @ # D.

In a similar way we prove the opposite direction.m

Proposition(22)

The space (M, 7)is Connt if and only if any subsets of M which are both CO sets
are M and Q.

Proof. Follows from theorem (21). m

Proposition (23)

Each two non-empty A, B subsets of (M,7) are Sepa . If A is Conntset of
(M,t)with A< B € cl(A) . Then B is Connt.



Proof.
Claim B is not Connt. Then there be Sepa. set H and D such that B=H U D,
whenever HnNcl(D) =cl(HNnD) =@ for each H and D are non_ empty. By

Proposition 22,we obtainAS H orAS D .

1. let A< H then cl(A) € cl(H) and cl(H)nD = @. By hypothesis,D € B <
cl(A)and cl(A) N D = D = @, this is contradiction
2. let A < D similarly we get H is empty , this is contradiction [ because H # @].

Therefore B is Conntm

Proposition (24)

If H and D are Sepa sets of (M, t) and G is Connt set of (M,7) such that G € H U
D.ThenG S HorG < D.

Proof .

Assam that G is not Conntset and ¢ = (G N H) U (G N D), suppose that (G N
H)yncl(GND)SHNcl(D)=0 and (GNH)Nncl(GND)<S Dncl(H) =9,
then G is not Connt only if (GNH)=@and(GnD)=@which is a
contradiction. Hence either (GNH)=@or(GNnD)=@. This GSH or
GCD.m

Proposition(25)

Each two non-empty A, B subsets of a (M, t) ,if Aand B are ConntandANB + @
in(M,t). Then AU B is Connt.

Proof.

Let AU B be not Connt, then 3 H, D are Sepa in M such that

AUB = HUD.ThenA S H U D, by Proposition (24) implies that

AS HorASDandB<S H orB<SD.



If A€ Hand BS€ H , then AUB =H and D = @, this is contradiction, so

AC HandB € D.SimilarlyAc DandB C H .
Hence cl(A)NB S cl(H)ND =@andcl(B)NACS cl(H)ND =0

Thus Aand B is Sepa in M, this is contradiction. Hence A U B is Connt. m



