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We study topological and hereditary property of some separation
axioms.

Definition (34)

Let f:(M,t) - (N,0) be any Homeand & any property in (M,7) ,we say that
topological property if § is appear in (N, o).

Proposition (35)
Let f: (M,t) = (N, o)be injective OM and if (M, t)is a T;_space, then (N, a)is

T; space, wherei = 0,1,2.

Proof.

We prove that i = 2

Suppose that it = U € N , since f isinjectivethen3Iu+veM3u = f(u) &V =
f (v). We get there exists H,D are two disjoint open sets in M such thatu €
H Av € D (because ((M,t)is T;_space)and H N D = Q.

Since fis OM ,then f(H), f (D) are open sets of (M,t)and f(HN D) = @, so
u=f(u)€ef(H)and v=f(v) €f D).

Then (N, o) isan T, _space. In the some way prove i=0,1. m

Proposition (36)

The property of a space being a T;_ space is topological property. Where i =0,1,2.

Proof.

We prove that i=0

Suppose that f: (M,7) - (N,0) is Homey,, d # vV € M.

Since f is bijective, then 3 u,v € Msuch that u = f(u),v= f (v) andu # v.
Let (M, 1) be T, __space for u and v, then 3 H is open set 3

u€H,veéH,now f (H)is opensetin (M, 1) (because H is open



setin (M,t)and f isOM),weget,d € f (H),V & f (H).
Hence (N, o)is T,,_space.

In the some way prove i=1,2. m

Remark (37)

A property § of a topological space (M, t) is said hereditary If and only if Vsubspace of
(M, 7) also satisfies property &.

Proposition (38)

The T,_axiom of separation is hereditary property.
Proof.

We prove that i=0

Suppose that (M, t) is T,_space and (N, o)is a subspace
on (M,7),Asu,veEN € Mifu+ v € M, we get there
exist open seton(M,t) suchthatu e H,v &€ H

thus H=NNH — H is openset (because H is open set 3 u € H,v & H), thenu €
H&v ¢ H, hence (N,o) is T, —space.m

To prove that i = 2

Suppose that (M, t) is T,_space and (N, o)is a subspace on (M, 1), foru,v €
NCM,u+veM,then3 H,D are two disjointopensets3 u € H,v & H
andué¢ D, veD,soH=NnHand D=NnND.

Nowu € H € (N,o)and v € D" € (N,o)[becauseu € H € (M,7) andv €D €
M, 1) ].

SinceHND =@ ,then HND"=(NNH)N(NND)=



NNn(HND)=NN®=0.
Hence (N, o) is T, space. In the some way prove i=1

Proposition

Let (M,t)be compact space and (M,t)be T, space, f:(M,t) = (N,o) is

bijective and cont. , then § is Hom.
Proof.

To prove that f is Hom, it is enough to show that {~1 is cont.

For this we must show that {(F) is closedin N, for any closed F < M .Being
a clsoed subset of a compact set M, F is compact set. then §(F) is compact subset
of T, —space ((N,o)and {(F) is closed , for any F € M isclosed . which implies
f(F) € N is closed this {1 is cont.

Then f is Hom because [f are bijective, continuous and f~1 is continuous ].

Theorem
Let f: (M,t) - (N,o)be cont. and injective map, if (M,t) compact space and

((N, o) is T, space. Then M and N are homeomorphic.
Proof.

Let f(A) be open in N, since M is compact, V open set cover there corresponds a
finite sub cover and NisT,, for any « # v € M, 3 two disjoint H and D are
open set in N such that, f(«) € H, f () € D. Then open set A in M, f (A) is open
setin N and M — f(A) is closed setin N.

Now to prove f~1 = h:N - M is cont. . Also, to prove h™1(A) is open(closed ) set
inN.



Since A is open set and M’ — A is closed setin M, therefore h™1(N — A)=M —
h™1(A), we have h™1(N — A)= M — f(A)--(i) [because h™t = {].
From (i) for each closed set in M, we get h™! is closed setin N and h is

cont. map. Therefore § is Hom. , then M and N are homeomorphic. m



